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Abstract
This paper concerns the blow-up of solutions to utt  Du ¼ jujp in high dimensions for nX4
and 1opop0ðnÞ; where p0ðnÞ is a critical exponent. We proved that the solutions blow up in
ﬁnite time by estimating the solutions near the wave front using elementary inequalities.
r 2002 Elsevier Science (USA). All rights reserved.
1. Introduction
We are concerned with the following Cauchy problem for nonlinear wave
equations:
utt  Du ¼ jujp; xARn; tAR;
uðx; 0Þ ¼ 0; utðx; 0Þ ¼ gðxÞ; ð1Þ
where p41; f ðxÞ and gðxÞ are smooth and compact supported functions.
John [3] has proved that for n ¼ 3 and 1opo1þ ﬃﬃﬃ2p ; a global solution does not
exist for any smooth non-trivial data with compact support; and for p41þ ﬃﬃﬃ2p ; a
global solution exists provided that the initial data are sufﬁciently small. Glassey [2]
has showed that for n ¼ 2 the solution must blow up in ﬁnite time provided
1opo3þ
ﬃﬃﬃﬃ
17
p
2
; and a small global solution exists provided p43þ
ﬃﬃﬃﬃ
17
p
2
: Moreover,
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Glassey [2] conjectured that for nX2; there exists a critical exponent p0ðnÞ such that
most solutions blow up in ﬁnite time when 1opop0ðnÞ; and a small solution exists
for p4p0ðnÞ where p0ðnÞ is the positive root of quadratic equation ðn  1Þp2  ðn þ
1Þp  2 ¼ 0: Schaeffer [6] has proved that for n ¼ 2 and p ¼ p0ð2Þ ¼ 3þ
ﬃﬃﬃﬃ
17
p
2
; and n ¼ 3
and p ¼ p0ð3Þ ¼ 1þ
ﬃﬃﬃ
2
p
; the solutions blow up in ﬁnite time. In a recent important
work of Georgiev et al. [1] and Lindbald and Sogge [4], they showed that when
p4p0ðnÞ with nX3; the global solution exists for sufﬁciently small initial data in
some mixed norm spaces. Their argument relies on a generalized Strihartz estimate.
Namely, the existence part of the conjecture is proved for nX3 for arbitrary small
initial data.
Sideris [7] has proved that for nX4 and 1opop0ðnÞ; the solutions blow up in ﬁnite
time. The main difﬁculty in higher dimensions is that the fundamental solution for
the wave equation is no longer positive when n43: To estimate the pointwise lower
bounds of the solution that is essential in proving blow-up solution in two and three
dimension does not work. Sideris’ proof was obtained by averaging the Riemann
function in time to obtain a positive operator. When combined with positive
nonlinearity and gracefully used properties of special functions, he obtained a useful
lower bound for time averages of the solution.
The purpose of this paper is to show that the blow-up results in higher dimensions
can be obtained by estimates of the solutions of the equations. To overcome the non-
positivity of the fundamental solutions, we closely follow Rammaha’s idea [5] to
perform analysis near wave front. We studied the solutions of the radially symmetric
version of the nonlinear wave equations by choosing annulus region and obtained
the pointwise lower bounds of the solution. The proof of the blow-up is also
following Rammaha’s idea to show that the average of the solution
R
Rn
uðx; tÞ dx
grows faster than any power of t as t-N:
2. Preliminaries
Consider Eq. (1) with f ðxÞ ¼ 0 and gðxÞ satisﬁes the following conditions through
this paper:
(a) gACN0 ðRnÞ; gðxÞX0 and suppfggCfx: jxjokg;
(b) there exist positive constants k0 and k1 with 0ok0ok1ok such that
(i) gðxÞc0 on fx: k0ojxjok1g;
(ii) k0 is sufﬁciently close to k such that
k0
k
4z0; where z0 satisﬁes that for all
zA½z0; 1Þ; PnðzÞX12 and TnðzÞX12; Pn and Tn are the Legendre and
Tschebyscheff polynomials of degree n; respectively.
The main result are the following blow-up theorems. The ﬁrst theorem deals with
the blow-up of solutions of semilinear wave equation for small initial data. The
second theorem takes care of the blow-up of solutions of semilinear wave equation
for large data at the critical exponent.
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Theorem 1. Let uAC2ðRn  ½0; TÞÞ with nX2 being a solution of (1), where T40 is
the life-span of u and 1opop0ðnÞ ¼ nþ1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2þ10n7
p
2ðn1Þ : Then ToþN: That is, u blows up
in finite time.
Theorem 2. Consider the equation
utt  Du ¼ jujp; ðx; tÞARn  ½0; TÞ; nX2;
uðx; 0Þ ¼ 0; utðx; 0Þ ¼ 1e gðxÞ; ð2Þ
where g satisfies the conditions ðaÞ and ðbÞ above, p ¼ p0ðnÞ and e is small. Then ToN:
Given uAC2ðRn  ½0; TÞÞ; we deﬁne %u to be the spherical mean of u; i.e.,
%uðr; tÞ ¼ 1
on
Z
joj¼1
uðro; tÞ do
for all ðr; tÞAR ½0; TÞ: Then by Daboux’s identity, we have
ð %uÞtt  D %u ¼ ðutt  DuÞ ¼ jujp ¼
1
on
Z
joj¼1
juðro; tÞjp doXj %ujp:
Note that
D %uðr; tÞ ¼ %urr  n  1
r
%ur:
We are led to the following radially symmetric equation:
utt  n  1
r
ur  urr ¼ GðuÞ; ðr; tÞAR ð0;þNÞ;
uðr; 0Þ ¼ 0; utðr; 0Þ ¼ gðrÞ; ð3Þ
where GðuÞXjujp (we used u instead of %u to simplify notation).
According to Duhamel’s principle, we have the following lemma:
Lemma 1 (Rammaha [5]). The solution of Eq. ð3Þ has the following form if n is odd:
uðr; tÞ ¼ u0ðr; tÞ þ Cr1n2
Z t
0
Z rþtt
jrtþtj
l
n1
2 Pn3
2
 l
2 þ r2  ðt  tÞ2
2rl
 !
Gðuðl; tÞÞ dl dt;
where
u0ðr; tÞ ¼ Cr1n2
Z rþt
jrtj
l
n1
2 Pn3
2
l2 þ r2  t2
2rl
 
gðlÞ dl
and C ¼ CðnÞ40:
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If n is even,
uðr; tÞ ¼ u0ðr; tÞ þ Cr2n2
Z t
0
Z tt
0
ððt  tÞ2  r2Þ12r

Z rþr
jrrj
l
n
2½ðl2  ðr  rÞ2Þððr þ rÞ2  l2Þ12
 Tn2
2
l2 þ r2  r2
2rl
 
Gðuðl; tÞÞ dl dr dt;
where
u0ðr; tÞ ¼Cr2n2
Z t
0
ðt2  r2Þ12r
Z rþr
jrrj
l
n
2½ðl2  ðr  rÞ2Þððr þ rÞ2  l2Þ12
 Tn2
2
l2 þ r2  r2
2rl
 
gðlÞ dl dr:
In both cases, u0 is the solution to the linear wave equation:
utt  Du ¼ 0;
uðr; 0Þ ¼ 0; utðr; 0Þ ¼ gðrÞ:
Lemma 2. Suppose that u and u0 are same as in Lemma 1; then
uðr; tÞXu0ðr; tÞ þ Cr1n2
Z t
0
Z rþtt
rtþt
l
n1
2 Gðuðl; tÞÞ dl dt;
u0ðr; tÞXCr1n2
Z rþt
rt
l
n1
2 gðlÞ dl ð4Þ
for t þ k0orot þ k1:
Proof. If n is even, then
u0ðr; tÞ ¼Cr2n2
Z t
0
ðt2  r2Þ12r
Z rþr
jrrj
l
n
2½ðl2  ðr  rÞ2Þððr þ rÞ2  l212
 Tn2
2
l2 þ r2  r2
2rl
 
gðlÞ dl dr:
Since rA½0; t; lAðr  r; r þ rÞ-½0; k and t þ k0orot þ k1;
l2 þ r2  r2
2rl
X
ðr  rÞ2 þ r2  r2
2rl
X
r  r
l
X
r  t
k
X
k0
k
: ð5Þ
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Therefore, we have
Tn2
2
l2 þ r2  r2
2rl
 
X
1
2
and
u0ðr; tÞXCr2n2
Z t
0
ðt2  r2Þ12r

Z rþr
jrrj
l
n
2½ðl2  ðr  rÞ2Þððr þ rÞ2  l2Þ12gðlÞ dl dr:
Changing order of the integral leads to
u0ðr; tÞXCr2n2
Z rþt
rt
l
n
2gðlÞ dl

Z t
jltj
½ðl2  ðr  rÞ2Þððr þ rÞ2  l2Þ12rðt2  r2Þ12 dr:
Note that under the range of the integration ðl2  ðr  rÞ2Þððr þ rÞ2  l2Þ ¼ ðr2 
ðr  lÞ2Þðr þ l rÞðr þ lþ rÞ; and r2  ðr  lÞ2pt2  ðr  lÞ2; r þ l rpr þ l
jl rjp3l; r þ lþ rpr þ ðr þ tÞ þ tp2r þ 2tp4r:
Hence,
u0ðr; tÞXCr1n2
Z rþt
rt
l
n1
2 gðlÞ dl

Z t
jltj
ðt2  ðr  lÞ2Þ12rðt2  r2Þ12 dr dl:
Note that Z t
jltj
ðt2  ðr  lÞ2Þ12rðt2  r2Þ12 dr ¼ 1;
we have
u0ðr; tÞXCr1n2
Z rþt
rt
l
n1
2 gðlÞ dl:
Let
Vðr; tÞ ¼Cr2n2
Z t
0
Z tt
0
ððt  tÞ2  r2Þ12r

Z rþr
jrrj
l
n
2½ðl2  ðr  rÞ2Þððr þ rÞ2  l2Þ12
 Tn2
2
l2 þ r2  r2
2rl
 
Gðuðl; tÞÞ dl dr dt:
H. Jiao, Z. Zhou / J. Differential Equations 189 (2003) 355–365 359
By the similar argument
l2 þ r2  r2
2rl
X
ðr  rÞ2 þ r2  r2
2rl
¼ r  r
l
4
tþ k0
tþ k4
k0
k
; ð6Þ
then
Tn2
2
l2 þ r2  r2
2lr
 
X
1
2
:
Therefore,
Vðr; tÞXCr2n2
Z t
0
Z tt
0
ððt  tÞ2  r2Þ12r

Z rþr
jrrj
l
n
2½ðl2  ðr  rÞ2Þððr þ rÞ2  l2Þ12
 Gðuðl; tÞÞ dl dr dt:
Changing the order of the integration leads to
Vðr; tÞXCr2r2
Z t
0
dt
Z rþtt
rtþt
l
n
2Gðuðl; tÞÞ dl

Z tt
jlrj
½ðl2  ðr  rÞ2Þððr þ rÞ2  l212 rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðt  tÞ2  r2
q dr:
A similar argument to the estimate of u0 yieldsZ tt
jlrj
½ðl2  ðr  rÞ2Þððr þ rÞ2  l212 rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðt  tÞ2  r2
q drXCl12r12:
Therefore,
Vðr; tÞXCr1n2
Z t
0
Z rþtt
rtþt
l
n1
2 Gðuðl; tÞÞ dl dt:
If n is odd inequalities (5) also holds, then
Pn3
2
l2 þ r2  r2
2rl
 
X
1
2
:
Note that
l2 þ r2  ðt  tÞ2
2rl
4
ðr  t þ tÞ2 þ r2  ðt  tÞ2
2rðtþ kÞ
¼ r  t þ t
tþ k 4
tþ k0
tþ k4
k0
k
;
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then the following inequality holds:
Pn3
2
l2 þ r2  ðt  tÞ2
2lr
 !
X
1
2
:
The inequalities for odd number n follow. &
3. Proof of the Theorems
Proof of Theorem 1. Deﬁne
FðtÞ ¼
Z
Rn
uðr; tÞ dx:
The goal is to show that FðtÞ blows up in ﬁnite time.
It is easy to see that
’FðtÞ ¼
Z
Rn
utðr; tÞ dx;
F¨ ¼ d
2
dt2
Z
Rn
uðr; tÞ dx ¼
Z
Rn
uttðr; tÞ dx ¼
Z
Rn
ðDuðr; tÞ þ GðuÞÞ dx;
by the divergence theorem and support property of uZ
Rn
Duðr; tÞ dx ¼ 0:
Therefore, by Holder’s inequality
F¨ðtÞ ¼
Z
Rn
Gðuðr; tÞÞ dxX
Z
Rn
jujpðr; tÞ dx
X
Z
Rn
uðr; tÞ dx
				
				
p Z
jxjotþk
dx
" #1p
¼ jFðtÞjp½onðt þ kÞn1p for any tX0: ð7Þ
By assumptions on g; there exists an r0Aðk0; k1Þ and a d40 such that gðrÞa0 for
rAðr0  d; r0 þ dÞ: Hence
u0ðr; tÞXCr1n2
Z rþt
rt
l
n1
2 gðlÞ dlXCr1n2
Z r0þd
r0d
l
n1
2 gðlÞ dlXCðgÞr1n2 ;
where
CðgÞ ¼ C
Z r0þd
r0d
l
n1
2 gðlÞ dl40:
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From Lemma 2, we have uðr; tÞXu0ðr; tÞ40 for t þ k0orot þ k1: Therefore,Z
tþk0orotþk1
juðr; tÞjp dxX
Z
tþk0orotþk1
ju0ðr; tÞjp dx
X
Z tþk1
tþk0
ðCðgÞÞpr
ð1nÞp
2 rn1on dr
X ðk1  k0ÞonðCðgÞÞpðt þ k0Þ
ð1nÞp
2
þn1:
There exist a constant A040 and a T0 such that for t4T0
F¨ðtÞX
Z
Rn
jujpðr; tÞ dxX
Z
tþk0orotþk1
juðr; tÞjp dx
XA0ðCðgÞÞpðt þ kÞ
ð1nÞp
2
þn1: ð8Þ
After two integrations, we have
FðtÞXA1ðCðgÞÞpðt þ kÞ
ð1nÞp
2
þnþ1 þ Bt þ E ð9Þ
for t large enough.
Since 1op0ðnÞo 2nn1; we have n þ 1 n12 4n þ 1 n12 p04n þ 1 n12 2nn1 ¼ 1:
Therefore if t is large enough, the linear term in (9) can be absorbed into ﬁrst
term. That is, there exists a T14T0 and an A2 such that for t4T1
FðtÞXA2ðCðgÞÞpðt þ kÞnþ1
n1
2
p: ð10Þ
Since F¨ðtÞ40 for all t and ’Fð0Þ40; hence ’FðtÞ40 for all t: Combining (7) and (10)
yields
’FðtÞF¨ðtÞX ’FðtÞF pðtÞ½onðt þ kÞn1p;
’FðtÞF¨ðtÞX ’FðtÞFðtÞ½onðt þ kÞn1pA2ðCðgÞÞpðt þ kÞðnþ1
n1
2 pÞðp1Þ:
Therefore,
1
2
d
dt
’F2ðtÞXA3ðt þ kÞ
n1
2
p2þnþ1
2
pþ12 ’FðtÞFðtÞ:
Let d ¼ ðn1
2
p2 þ nþ1
2
p  1Þ ¼ ðn1
2
p2  nþ1
2
p  1Þ þ 2; then 0odo2 for nX3 and
1opop0ðnÞ:
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Hence
1
2
d
dt
’F2ðtÞXA3½ðt þ kÞd ’FðtÞFðtÞ þ dðt þ kÞd1F2ðtÞ
X
A3
2
d
dt
½ðt þ kÞdF 2ðtÞ;
which implies that
’FðtÞXA3½ðt þ kÞdF2ðtÞ  F 2ðT1ÞðT1 þ kÞd þ ’F2ðT1Þ:
Since
F2ðtÞðt þ kÞdXCðt þ kÞ2ðnþ1Þðn1Þp2ðn12 p2nþ12 p1Þ
XCðt þ kÞðn1Þð 2nn1pÞ-N as t-N;
there exists T24T1 such that for tXT2;
’F2ðtÞX1
4
A3F
2ðtÞðt þ kÞd:
Therefore,
’FðtÞ
FðtÞX
1
4
A3ðt þ kÞd
 1
2
;
which implies that
ln FðtÞ  ln FðT2Þ41
2
A
1
2
3
1
1 d
2
½ðt þ kÞ1d2  ðT2 þ kÞ1
d
2:
There exists a T34T2 such that for t4T3
ln FðtÞ4A4ðt þ kÞ1
d
2;
FðtÞ4eA4ðtþkÞ1
d
2 ;
where A4 ¼ 14A1=23 11d
2
and 1 d40: Hence there exists a T44T3 such that for t4T4
FðtÞ4ðt þ kÞ2n: ð11Þ
Then by (7) for t4T4;
F¨ðtÞXo1pn ðt þ kÞnðp1ÞjFðtÞj
p1
2 jFðtÞj
pþ1
2
Xo1pn ðt þ kÞnðp1Þ½ðt þ kÞ2n
p1
2 jFðtÞj
pþ1
2 ;
i.e.,
F¨ðtÞXo1pn ½FðtÞ
pþ1
2 : ð12Þ
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Since ’FðtÞ40 for any t40; we have
’FðtÞF¨ðtÞXo1pn ’FðtÞF
pþ1
2 for t4T4:
Integrating both sides once, we have
1
2
ð ’F2ðtÞ  ’F2ðT4ÞÞX o
1p
n1
pþ1
2
þ 1 F
pþ1
2
þ1ðtÞ  F
pþ1
2
þ1ðT4Þ
 
:
Therefore, there exists a T54T4 such that for t4T5
’F2ðtÞ4 o
1p
n1
pþ1
2
þ 1 F
pþ1
2
þ1ðtÞ:
Hence for tXT5;
’FðtÞ4 o
1p
n1
pþ1
2 þ 1
 !1
2
F
pþ3
4 ðtÞ;
i.e.,
’FðtÞ
F
pþ3
4
4
o1pn1
pþ1
2
þ 1
 !1
2
;
which implies that
1
pþ3
4  1
1
F
p1
4 ðT5Þ
 1
F
p1
4 ðtÞ
0
@
1
A4 o1pn1
pþ1
2 þ 1
 !1
2
ðt  T5Þ:
If t-N; the inequality leads to a contradiction. Hence T must be ﬁnite. &
Proof of Theorem 2. We use a similar argument as in the proof of Theorem 1 and
note that in this case d ¼ ðn1
2
p2 þ nþ1
2
þ 1 2Þ ¼ 2; then for t4T2
’FðtÞ
FðtÞX
1
2
A
1=2
3 ðt þ kÞ1;
which implies that
ln FðtÞ  ln FðT2ÞX12A1=23 ½lnðt þ kÞ  lnðT2 þ kÞ:
So there exists a T 034T2 such that for t4T
0
3
ln FðtÞX1
4
A
1=2
3 ln ðt þ kÞ ¼ lnðt þ kÞ
1
4
A
1=2
3
i.e.,
FðtÞXðt þ kÞ14A1=23 :
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Let
A4 ¼ 1
4
A
1=2
3 ¼
1
4
½o1pn A2CpðgÞ
1
2 ¼ 1
4
o1pn A2
1
e
Z r0þd
r0d
l
n1
2 gðlÞ dl
 1
2
:
If e is sufﬁciently small, then A442n; consequently, (12) holds. The rest of the proof
can be carried out using the exact argument as in the proof of Theorem 1. &
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